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Abstract-- In this work, control aws are derived for a simple dynamical model of a car with four 
wheels. A separate rotational torque acts on each wheel, while separate steering torques act on the 
front pair and rear pair of wheels. Thns, in the model dealt with here, the motion of the car is 
controlled by a total of six torques. A control law is developed for the car to perform a point-to-point 
maneuver. This maneuver is performed using three different control modes, that is, using six, five, 
and four control torques. (~) 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
This work deals with the control of the motion of a small-scale car moving on the horizontal plane. 
The car is composed of a frame, two identical rear wheels, denoted here by Wheels 1 and 2, an 
axle that passes through the centers of these wheels; two identical front wheels, denoted here by 
Wheels 3 and 4, and an axle that passes through the centers of the front wheels. 
The angular velocity of each of the wheels about its axis is driven and controlled separately. 
In addition, the car is equipped with two mechanisms, one in the rear axle and one in the front 
axle, that make the wheels steerable in such a manner that at all times, the planes of both rear 
wheels are parallel, and the planes of both front wheels are parallel. 
Hence, it follows that the car is driven by six torques, i.e, torques F1 and r 2 acting on Wheels 1 
and 2, respectively, for the rotation of each of the wheels about its axis, torques Fa and F4 acting 
on Wheels 3 and 4, respectively, for the rotation of each of the wheels about its axis, and, in 
addition, a torque Fz 1 acting on both rear wheels to generate the steering motion of Wheels 1 
and 2, and a torque F~ 2 acting on both front wheels to generate the steering motion of Wheels 3 
and 4. It is assumed here that: 
(i) The two motors that rotate Wheels 1 and 2 about their axes, and the steering mechanism 
that generates F~I, are all embedded in the rear axle. 
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(ii) The two motors that rotate Wheels 3 and 4 about their axes, and the steering mechanism 
that generates P~2, are all embedded in the front axle. 
All wheels are rolling without slipping on the above-mentioned plane. The motion of a car with 
four steerable wheels is treated in [1,2]. In [1], the fact that the lateral and yaw motion dynamics 
of a vehicle are heavily influenced by the road-tire interaction, is used in the modelling of the 
car's motion. In [2], a simplified version of the motion, where it is assumed that the vehicle has 
rigid wheels, and thus avoiding the tire-road interaction, is dealt with. This approach enables 
one to apply the Lagrange method for the modelling of the vehicle's motion. Although the model 
derived here is somewhat a crude approximation to the real motion, still, it gives an insight into 
the motion of the vehicle as a motion of a multibody system. This work is a continuation of [2] 
where the control of a small-scale car is dealt with. 
A considerable amount of work on small-scale robots, from which many of them are small cars 
with rigid wheels, appears in the literature. See for example [3-8]. 1 
2. MATHEMATICAL  NOTATIONS 
Let I, J, and K be unit vectors along an inertial coordinate system. Define 
k~ = cos(¢)I + sin(¢)J, (1) 
a unit vector along the axle that passes through the centers of Wheels 1 and 2. In the same 
manner, ka is a unit vector along the axle that passes through the centers of Wheels 3 and 4. 
Also, define the following unit vector: 
L = - s~n(¢)I + cos(¢)J. (2) 
The set B = (ka,j~, K) acts here as a body axes for the car's frame. That is, the system B is 
attached to the center of mass of the car's frame, denoted here by ro (that is, the point O, see 
Figure 1) and is moving with it. The vector ro is given here by 
ro -- xI  -k yJ  q- aK, (3) 
where a denotes the radius of Wheels 1, 2, 3, and 4. 
!! 
N 
.... ] 
Figure 1. Top view of the car. 
1Reference [8] deals with the role of robots in search and rescue operations, which are not necessarily confined to 
wheeled robots. 
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Denote by ri the center of wheel i, i -- 1,2, 3, 4, respectively. Then, 
r l  = ro  - Lo2J, - Lo lk~,  
r3 = ro  + Lo2J~ - Lo lk~,  
r2 = ro  - Lo2j~ + Lo lk~,  
r4 = ro  + Lo2j ,  + Lo lk~,  
(4) 
(s) 
where 
r2 - r l  = ra - r3 = L ike,  and r3 - r l  = r4 - r2 = L2j~, (6) 
Lo l  = L1/2, and Lo2 = L2/2. Denote by vi the following velocities: 
dri 
v~ - dt ' i =0,1 ,2 ,3 ,4 .  (7) 
Define the following vectors: 
k~, = cos(6i)I + sin(~,)J, i~ = - siu(~i)I + cos(~)J ,  i = 1, 2. (8) 
The vector k~ represents here a unit vector along the axis of Wheels 1 and 2 (since the planes 
of Wheels 1 and 2 are always parallel), whereas, the vector k~ 2 represents here a unit vector 
along the axis of Wheels 3 and 4 (since the planes of Wheels 3 and 4 are always parallel). The 
vectors i~ and K are always in the planes of Wheels 1 and 2, whereas the vectors i~ and K are 
always in the planes of Wheels 3 and 4. Note that 
<ka, k~,) = cos(C) cos(Si) + sin(C) sin(di) = cos(¢ - 5,), i -~ 1, 2, (9) 
where <a, b) denotes the inner product between the vectors a and b. Also, note that in Figure 1, 
3'~ = ¢ - 5i, i = 1, 2. (10) 
Following [2] and [9], define the following vectors: 
i~1 = cos(¢~) ( -K )  + sin(¢~)i~l, J.1 = - s in (¢~) ( -K )  + eos(¢.) i~l ,  . = 1, 2, (11) 
i~2 = cos (¢~) ( -K )  + sin(~b~)i~2, j~2 = - s in (¢~) ( -K )  + cos(~b,)i~,, u = 3, 4. (12) 
Hence, i~1 and jr1 are always in the plane of wheel u, u = 1, 2, respectively, whereas iv2 and j~2 
are always in the plane of wheel v, v = 3, 4, respectively. Hence, it follows that  ( i , l , j ,1,  k~l) is 
a system of body axes for wheel u, v = 1, 2, respectively; and (i,2,j~2,k~2) is a system of body 
axes for wheel u, v = 3, 4, respectively. 
Thus, it follows [2] that a~(~1) , the angular velocity vector of wheel u, u = 1, 2, respectively, is
given by 
w (~1) = -81 cos(¢,)i~l + 81 sin(¢~)j~l + ¢ ,k~,  u = 1, 2, (13) 
and, w (u2), the angular velocity vector of wheel 9, u = 3, 4, respectively, is given by 
w (~2) = -82 cos(~b~)i~2 + 82 sin(¢~)j~2 + ¢~k~2, u = 3, 4. (14) 
The motion of each of the wheels involves rolling without slipping. This leads to the following 
nonholonomic onstraints (see for example [2,9]): 
sin((~l) - y cos(~l) + (L02 sin(~l - ¢) + L01 cos(51 - ¢))¢ - a~)l = 0, (15) 
sin(~l) - y cos((~l) q- (L02 sin(~l - ¢) - no l  cos(~l - ¢))¢ - a~2 = 0, (16) 
sin(62) - 9 c0s(52) + ( -L02  sin(52 - ¢) + L01 cos(52 - ¢))¢ - a~3 ~-  0, (17) 
sin(f2) -- ~ cos(52) + ( -L02  sin(52 - ¢) - L01 cos(52 - ¢))¢ - a~4 = 0. (18) 
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3. THE LAGRANGE EQUATIONS 
Let q denote the vector of generalized coordinates [10,11], 
dq 
q = Ix, y, ¢, 61,62, ¢1, ¢2, ¢3, ¢4] T, P ~- d-'t-' 
where x, y, ¢, 61, 62, ¢1, ¢2, ¢3, ¢4 describe the motion of the car. 
generalized coordinates. 
Let £: denote the Lagrangian, [11], of the car, then, 
-.~ IWRI~2 27 ~IWR3(~2 + ~2)-4:-mWR IV 2 + L2~)2-~ - 2Lo2~gX] 
+iwv l~221 [v 2 + L2o¢ 2 -  2Lo2~bX] 
1 I~Rd) 2]+ m~ 
_ 
• • 2 
where 
(19) 
Thus, there are nine 
(20) 
X = k cos(C) + ~ sin(C), L~ = L21 + L~2 , (21) 
and v 2 = (vo, vo). In addition, Iwm is the moment of inertia of Wheel v about i~1, v = 1, 2, 
respectively; IWF1 is the moment of inertia of Wheel v about iv2, v = 3, 4, respectively; IwRs is 
the moment of inertia of Wheels 1 and 2 about k~ 1 ; IwF3 is the moment of inertia of Wheels 3 
and 4 about k~2; [WR2 is the moment of inertia of Wheel u about Jvl, v = 1,2, respectively, 
IwR1 = IWR2; IwF2 is the moment of inertia of Wheel v about jr2, v = 3, 4, respectively, 
IwF1 = IwF2; mwR is the mass of each of the rear wheels; roWE is the mass of each of the front 
wheels; maz is the mass of each of the axles; mFR is the mass of the frame; I~x is the moment of 
inertia of each of the axles about K, IFR is the moment of inertia of the frame about K. 
Furthermore, it is assumed that the steering mechanism for the rear wheels applies a torque 
I~ 1 (¢ - 61) on the rear wheels, and that the steering mechanism for the front wheels applies a 
torque I~2( ~ -~2)  on the front wheels, where I~, > 0, i = 1,2, are given. These torques are 
generated by F~,, i -- 1, 2, respectively. 
Since the motion of the car is subject o four nonholonomic constraints, (15)-(18), the vector q 
is partitioned here as follows: 
q = [qaI, q[]  T , qa ----[x,Y, ¢, 61, ~2] T, qb = [¢1, ¢2, ¢3, ¢4] T, (22) 
and 
7- T , P~---- clt ' Pb= dt " P = [P=, Pb ] T dq= dqb (23) 
Following the partitioning in (22), constraints (15)-(18) can be rewritten in the following form: 
Qp = Q~p= + QbPb = O, (24) 
where 
Qa ~--- 
i, 
sin(61) -cos(61) 
sin(5l) --cos(51) 
sin(62) -cos(62) 
sin(62) -e0s(62) 
Qb ---- --ai4×4, 
Lo2 sin(61 - ¢) + Lol  cos(61 -- ¢)  0 0 ]  
L02 sin(61 - ¢) - Lol  cos(61 - ¢) 0 i l  (25) 
- Lo2  sin(62 - ¢) + Lol  COS((~2 -- ¢)  0 ' 
-L02 sin(62 - ¢) - L01 cos(62 ~ ¢) 6 
Qb I = -a- l I4x4,  det(Qb) = a 4. (26) 
Control of the Motion 441 
The Lagrange quations [11] are given by 
d (O~pj) 0£ TAj+ To j, j 1,2,. . . ,9.  (27) 
dt Oqj 
Here TAj are the applied torques, TAj = O, j = 1,2, 3, TA4 = FsI, TA5 = Fz 2, TA6 = F1, TAT = F2, 
TAs = F3, TA9 = F4, and Tcj, j = 1,... ,9, axe the constraint torques due to the constraints 
given by (15)-(18). The vector of constraint torques Tc  -- [Tel,To2,. . . ,  Tcg] T is given by 
Tc=qrA=[q~]  A 'LQb (28) 
and w.here A = [A1, A2, )~3, ~4] T is the vector of Lagrange multipliers. 
Thus, using the Lagrangian, (20), and the Lagrange quations, (27), the following equations 
~re obtained: 
d2q 
M-~-  + H = DT + QTA, (29) 
where 
[ 03×6 ] (30) 
D= l i6xs j ,  
T = [F,1,F52,F1,F2,F3,F4] T E ~6, M E !l~ 9x9, M = M T = [m~j], i , j  = 1,. . . ,9,  and H = 
[t~1, h2,.. . ,  h9] T E ~9. The variables mij, i = 1, . . . ,  9, j = i , . . . ,  9, are given by 
mn = 2max + 2mwR + 2mWF + mFR, 
ml i  = O, 
m22 = 2maz + 2mWR + 2mWF + mFR, 
m13= -2Lo2 cos(¢)(-mwR + roWE), 
?Tt66 = IWR3,  
i = 2, 4,5, . . . ,9,  
m23 
m2~ = 0, i = 4, 5 . . . .  ,9, 
m3s = 2mwFL2o2 + 2Ia~ + I, 1 + IFR + I~2 + 2mwRL22 
2 2 +2mwRL21 + 2ma~Lo2 + 2mwFLol ,  
m34 = -I~l, m35 = --152, m3i = O, i = 6, 7, 8, 9, 
rn44 = 2IWR1 + I~1, mai= O, i = 5, 6, . . . ,  9, 
m55=2Iwgl+I~2,  ms+ =O, i=6, . . . ,9 ,  
m6i = 0, i = 7, 8, 9, rrt77 = IwP~, mTi = O, 
roSS = IWF3, m89 ----- 0, m99 =/WE3. 
= -2Lo2 sin(¢)(-mwR + roWE), 
i = 8, 9, 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
The variables hi, i = 1, . . . ,  9, are given by 
hi = 2Lo2sin(¢) (d¢~ 2 \ dt ] ( - town + mWF), 
\d t  ) ( -mwR + mwF), h i=0,  i=3 , . . . ,9 .  
(41) 
(42) 
Following the partitioning in (22), equation (29) can be rewritten as follows: 
d2 qa - d2 qb T 
Mn- -~ -{- M12---~-~- +H1 = D1T + Qa A, 
d2 qa 
M21- -~ + M22 +H2 = D2T + Q/A,  
(43) 
(44) 
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where the matrices M, H, and D in (29) have been partitioned into submatrices as follows: 
rM~, M12] 
M=[M21 M22 ' 
[~ 03x6 
[D I ]D I= 0 0 0 0  
D= D2 ' 1 0 0 0 
vO^ J] , D2= 0 00 00 01 01 ' (46) 
0 0 0 0 
and where Mll E ~SxS, M12 • ~5x4, M21 • ~4x5, M22 • ~}~4x4, HI E 8£ s, H2 C ~}~4, DI • ~sx6, 
and D2 • ~4x6. 
By differentiating both sides of equation (24) with respect o time t, the following expression 
is obtained for dd-~tb: 
dpb i" dQa dp~ dQb 
dt = p° - q°  ¥ vbj 
-1 d2q~ fdQ,~ dQb_ ~ A d2q~ 
= --Qb Qa- '~-  -- Qb 1 ~--~-'Pa + "--'~Vb) = x~_$--~ + Bf. 
(47) 
Using equations (29), (45), and (47), the following expression is obtained for the vector of 
Lagrange multipliers: 
A=(Q[)-l(M21 d2qa~ +M22 ~ Af--~-//d2q~ + Bf )  + H2 - D2T) (4s) 
By inserting equations (45), (47), (48) in equation (43), we obtain 
d2 qa 
Ms-~-  +Hs = DsT, (49) 
where Ms e ~sxs, and H~ E ~5, Ds E ~sx6, and, 
Ms = Mn - QT (Q[) - I  (M21 + M22A/) + M12Af, 
T -1 T Hs = H1 + (M12 _ Q:  (Qb) M22)Bf -  Q a (Q: ) - I  
D~ = D1 _QT (QT)-ID2" 
H2 
(50) 
(51) 
(52) 
It can be shown, for a proper set of parameters, that det(Ms) > 0, Yq E ~9 (see later). 
Equations (47), (49)-(52) constitute the dynamical model for the system dealt with here. 
In the sequel a control aw is developed for the car to perform a point-to-point maneuver. 
This maneuver is performed using three different control modes, that is, using six, five, and four 
control torques. 
4. CONTROL MODE 1 
In this control mode, all six control torques are used to perform the point-to-point maneuver. 
Consider the following transformation for the control torque vector T in equation (49): 
T ---- D[(Es) - l (Msu + H~), (53) 
where Es = DsDf  E Nsxs, and u -- [ul,. . . ,  u5] r E Ns is an auxiliary vector. It can be shown 
that 
det(Es) = 8L~1 sin2(51 - 52) (CO82(52 -- ¢) "~- COS2(51 -- ¢)) (54) -7 -  
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Thus, rank(Es) = 5, except where det(Es) = 0. In Control Mode 1, we are interested in cases 
for which the following set, St, defines the domain in which the car operates; that is, 
$1 = {q e ~9: det(E~) ¢ 0, det(M~) ¢ 0}. (55) 
Inserting (53) into (49), the following equation is obtained: 
d2q~ 
dt 2 - u, q C $1. (56) 
Equation (56) can be rewritten in the following form: 
d(__/i = A(i +Bu i ,  i = 1,2,3,4,5, q C 81, (57) 
dt 
where 
= = = r.¢ d_~&5 ]T  and where  ( I  [x, -~,dx]T, ~2 "~ [Y, dy]TdtJ ' ~3 ~-~ [¢, dC]Tdtl ' (4 [51, d51]TdtJ ' (5 [ u2' dt  J " 
Assume that vectors Zo,i • !R 2, i = 1,. . .  ,5 and Zf,i • ~2 i = 1,. . .  ,5 are specified, and that 
tim initial condition is (i(0) = Z0,~, i = 1, . . . ,  5. For a given final time t f  > 0, it is desired that 
~i(tf) = ZLi, i = 1, . . . ,  5. The required control aws to perform the point-to-point maneuver are 
given by [12] 
ui(t) = (exp((tf - t )A )B)TC- I (ZL i -  exp(tfA)Z04), i = 1,2, . . . ,5 ,  t • [0,tf], (59) 
where 
f0 C = exp((tl - t)A)B(exp((tf - t)A)B) T dt, (60) 
and provided that the trajectories q(t), t • [0, tl] , generated by u(t), t • [0, tl] , satisfy, q(t) E $1, 
vt  e [0,ts]. 
5. CONTROL MODE 2 
In this control mode, five control torques are used to perform the point-to-point maneuver. 
The control vector T in equation (49) is given in this case by 
T = [F~I,F~2,F1,F2, F3] T. 
The matrices D1 and D2 in equation (46) are now given by 
D1 = 0 0 0 D2 = 0 
' 0 
1 0 0 0 
(61) 
olo ] 
0 0 1 
0 0 0 " 
0 0 0 
(62) 
In this case the following transformation for the control torque vector T in equation (49) is 
applied: 
T = D: I (Msu  + Hs), (63) 
1")8 E ~5×s, and u E ~5 It can be shown that 
det(Ds) = 7L°1 (sin(-251 + ¢ + 52) + sin(52 - ¢)) . (64) 
Thus, rank(Ds) = 5, except where det(D,) = 0. In Control Mode 2, we are interested in cases 
for which the following set, E2, defines the domain in which the car operates; that is, 
$2 = {q e !£ 9 : det(Ds) • 0, det(M~) # 0}. (65) 
The rest of the development for obtaining the control functions, m, i = 1, . . . ,  5, for performing 
t]he point-to-point maneuver, is analogous to that given for Control Mode 1, from equation (56) 
onwards, with the set E~ replacing the set El. 
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6. CONTROL MODE 3 
In this control mode, four control torques are used to perform the point-to-point maneuver, 
namely, Fa 2, F1, I~2, F3. Specifically, the rear pair of wheels is not steerable, implying that 
51(t) = ¢(t), for all t > 0. Thus, the vector of generalized coordinates, qr, is given by 
qr = [x, y, ¢, 52, ¢1, ¢~., 93, ¢4] T, 
and is partitioned as follows: 
T T qra = [x,Y,¢,52] T, qr = [qra,qr ] 
dqr 
Pr = dt '  (66) 
qrb ---- [¢1, ¢2, ¢3, ¢4] T. (67) 
Following the partitioning in (67), constraints (15)-(18) can be rewritten in the following form: 
Qrpr = Qrapra + QrbPrb = 0, (68) 
where 
[ sin(C) -cos(C) Lol ~] 
= |sin(C) -cos(C) -Lo l  
Qr, |sin(52) - c0s(52) -L02 sin(52 - ¢) + L01 c0s(52 - ¢) ' 
Lsin(52) -c0s(52) -L02 sin(52 - ¢) - Lol cos(52 - ¢) 
Orb = Qb- 
(69) 
(70) 
In addition, it is assumed here that the front steering mechanism is subject o viscous damping 
given by the Rayleigh dissipation function R, 
1 25~2) R = ~eo ($2 + ~ _ (71) 
where co > 0 is given. For more details on the Rayleigh dissipation function, see [13]. 
The inclusion of a Rayleigh dissipation function does not affect he form of the Lagrangian £r, 
and the same expression is obtained as in (20), with 51 = ¢, 
£~ = IwR~¢ ~ + ~Iwn3 (¢~ + 
1 2Lo  X] (72) + + + 
1 • 2 
However, the form of the Lagrange quations, (27), changes to the following: 
d ( O£r ~ _ 0£___5~ + O_R_R = TAr~ + Tcr~, j = 1, 2, . . . ,  8. (731 
dt \ Oprj / Oqrj  Oprj 
Thus, using the Lagrangian, (72), and the Lagrange quations, (73), the following equations 
are obtained: 
d2qr x 
Mr--~-~- + Hr = DrTr + Qr At, (74) 
where 
Dr= [Dr2] ,  1 0 0 0 ' 0 0 ' 
0 0 
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Tr  = • e ~}~4 Ar _ [)~rl,...,)kr4]T e ~4, M~ e !]¢ s×s, Mr  = M~ = [mr#j], 
i, j = 1, . . . ,  8, and H~ = [hrl, h~2,..., h~s] T E @~s. The variables m~,ij, i = 1, . . . ,  8, j = i, . . . , 8, 
are given by 
mr, l l  = 2max -b 2mWR -b 2mWF q- mFR,  
mr, li ---- O, 
mr,22 ---- 2max + 2mWR -b 2mWF -b mFR,  
mr,2i : O, i ~- 4,5 , . . . ,8 ,  
m~,a3 = 2mwRL2ol + 2mwnL~2 + 2m,~L2o2 + 2mwFL2ol + 2mwFL2o2 + 2 I~ 
+2Iwm + I~ + IRn, 
m~,13 = -2Lo2 cos(¢)( -mwn + mWF), (76) 
i=2,4,5,...,8, (77) 
mr,23 ---- -2Lo~. s in(¢)( -mwn + roWE), (78) 
(79) 
(8o) 
mr,34 = --Ia 2, mr,3/= 0, i = 5,6,7,8, (81) 
mr, a4 = 2IWFt + Ia~, mr,4i = 0, i = 5, 6, . . . ,  8, (82) 
mr,55 ---- IWR3, mr, si ---- 0, i ---- 6, . . . ,  8, (83) 
mr,66 -= IWR3, mr,6i = 0, i = 7, 8, mr,77 ---- IWF3, mr, TS ---- 0, (84) 
mr, sS = IWF3. (85) 
The variables hri, i = 1, . . . ,  8, are given by 
= 2Lo siu( ) 2 \ dt ] (--mWR + mWF), 
hr2 = - 2Lo2 cos(C)/' d¢-~2 \ dt ] ( -mwR + mwF),  
h~3=co ~-/ -~] ,  h r t=c9  -~-~+ , h~i=0,  i=5 , . . . ,8 .  
(86) 
(87) 
(88) 
Following the procedure given in Section 3, equations equivalent to (47), (49)-(52) are obtained, 
constituting the dynamic model for this case, 
dprb 1 a d2 qra dQrb prb~ 
d2 qr,~ 
= Ar~ ~ + Brf,  (89) 
d2qr~ 
Mrs---~y- + nrs = DrsTr, (90) 
where Mr8 E ~4x4 and Hr~ E ~4, Drs E !}14x4, and 
M~s = Mr, ll - Qr~ (Q[b) -1 (M~,21 + M~,22A~f) + M~,12A~f, (91) 
T -1 Hrs = Hrl  + (Mr,12 - QrTa (qrb) Mr,22) Brf  - QrT (q~b)-I  Hr2, (92) 
D~ = Drl - Q~ (Qfb)-I  D~2. (93) 
It can be shown, for a proper set of parameters, that det(Mrs) > 0, Vqr E N s (see later). 
In this control mode, all four control torques are used to perform the point-to-point maneuver. 
Consider the following transformation for the control torque vector Tr in equation (90): 
Tr = D~-~I(M~u~ + H~) ,  (94) 
where u~ = [Url,..., Ur4] T E ~4 is an auxiliary vector. It can be shown that 
det(D~) - -2Lo l  sin(62 - ¢). (95) 
a 3 
446 C. FRANGOS AND Y.  YAV lN  
Thus, rank(Drs) = 4, except where det(Drs) = 0. In Control Mode 3, we are interested in cases 
for which the following set, E3, defines the domain in which the car operates; that is, 
£3 -- {qr • !~s: det(Drs) ¢ 0, det(Mrs)  ¢ 0}.  (96) 
Inserting (94) into (90), the following equation is obtained: 
d2 qra 
dt 2 - u~, q~ • 83. (97) 
Equation (97) can be rewritten in the following form: 
dGi 
- AG i  + Bu~,  i = 1, 2, 3, 4, q .  • £3, (98) 
dt 
where 
. 10] .:[011 ,,0) 
IX dx]T dylT d¢lT rx d_~5 IT and where ¢~1 L , ~ J  , ¢r2 = [y, ~3 -- [¢, ~r4 ~-- ~" 'd~'J ' "~"J ' [ °2, dt  J " 
The rest of the development for obtaining the control functions, u~i, i = 1 , . . . ,  4, for performing 
the point-to-point maneuver is analogous to that given for Control Mode 1. 
7. COMPUTATIONAL RESULTS 
In the examples dealt with here, the following set of parameters has been used: a =- 0.05 meter, 
L1 = 0.05 meter, L2 = 0.2 meter, mwF ---- 0.05 kg, mWR --= 0.05 kg, max = 0.5 kg, mFR = 1.0 kg, 
CD = 0.1, IFR = mFR(L21 + L22)/12, I~  = m~=L~/12, IWR1 = mwRa2/4 ,  IWR3 = 2IwRi ,  
IWF1 = mwfa2/4 ,  IWF3 = 2IWF1, and we choose I~ 1 = I~ 2 = 2IwR1. It can be shown, for the 
above-mentioned parameter values, that: 
(1) Control Modes 1 and 2: det(Ms) > 1.264 × 10 -9, for all q • ~9. 
(2) Control Mode 3: det(M~s) > 1.0139 × 10 -s ,  for all qr • !R s. 
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Figure 2. Control Mode 1: plot of y(x). 
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Figure 3. Control Mode 1: plots of ¢(t) (line 1), 61(t) (line 2), 52(t) (line 3), versus 
t ime t 6 [0, t l]  , t /=  10 sec (note that  on this scale, 6z and ¢ are indistinguishable). 
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Figure 4. Control Mode 1: plots of q~(t) (line I), 5"1(t) (line 2), 5'2(t) (line 3), versus 
t ime t E [0, tf],  tf = 10sec (note that  on this scale, ~, ~'1, and ~'2 are indistinguish- 
able). 
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Figure 6. Control  Mode 1: plots of 42(t) - e l ( t )  (line 1), ~4(t) - ~3(¢) (line 2), 
versus t ime t E [0, */], tf = 10 sec (note that  on this scale, ~2 - ~1 and ~4 - ~3 are 
indistinguishable). 
I I 
10 
448 
0.3 
Control of the Motion 
i i i i i i I i i 
449 
E 
z 
0.2 
0.1 
-0.1 
-0.2 
-0.3 L 
0 
0.5 
1 2 3 4 5 6 7 8 9 
Time t in seconds 
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Figure 11. Control Mode 1: plot of the motion of the small-scale car at time instants 
tk = kA0, A0 ---- 0.5sec, k = 0, 1,... ,20. Note that the car is drawn larger than its 
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Figure 12. Control Mode 2: plots of Fl(t) (line 1), r2(t) (line 2), Fs(t) (line 3), 
versus time t E [0, t/I, t] = 10sec. 
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In  Control  Modes 1 and 2, the init ial  condit ion of the small-scale car is q(0) = [0, 0, 0, 0, ~r/180, 
0,0,0,0]  T, p(0) -- 09xl .  The requirement is that  the vector of control led variables zc = 
Ix, ~-}~,y, cd.~t,¢, de ~ ~ ~ d_~ IT is equal to a specified vector z~ at the final t ime t f  = 10sec, -~  7ul~ dt 'u27  dt ] 
Zd = [ -10,  0, 10, 0, ~r/2, 0,1r/2, 0, 0r /2)  + (~r/180), 0] T. 
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Figure 13. Control Mode 3: plots of Fl(t) (line 1), r2(t) (line 2), F3(t) (line 3), 
versus time t E [0, tf], tf = 10sec. 
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In Control Mode 3, the initial condition of the small-scale car is q~(0) = [0,0, 0,~r/180, 0, 0, 
0, 0] T, pr(0) = 0sx 1. The requirement is that the vector of controlled variables z~c = dx 
¢d¢ 52, d--~ ]T is equal to a specified vector Z~d at the final time t /=  10 sec, Z~d = [--10, 0, 10, 0, ' "8"{ ~ dt J 
0, + 0] T 
A fourth-order Runge-Kutta algorithm was applied to solve the above-mentioned examples 
using a time step of A = 1/400sec. 
Plots of part of the results for Control Mode 1 are shown in Figures 2-11. The same results 
are obtained for the cases of Control Mode 2 and Control Mode 3, and plots of these results are 
not repeated here in order to save space. Plots of the control torques for Control Mode 2 and 
Control Mode 3 that are different from those of Control Mode I are shown in Figures 12 and 13, 
respectively. 
8. CONCLUSION 
The dynamic model of a small-scale car with four steerable wheels and six control torques is 
derived. Three different control modes are considered in which all six, five, and four of the control 
torques are employed. A control law is developed for the car such that a point-to-point maneuver 
is performed. This control law involves the application of an inverse dynamics transformation. 
The point-to-point maneuver is performed correctly for all three control modes. 
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